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Free energy functional

We define free energy functional which depends on one
dimensional density o(r)

However, explicit view is written for the N-dimensional partition
function N
p™(r)

Flp]= %jdr%(m (U (™) 4V, (rY) +KT In A% p™))



Why this formula is correct?

Equilibrium partition functlon
1 —ﬂ ——ﬂU ~Pext 1 _ ,l
p(gN)(rN) _ > — J‘ Z N de _ 3NZ e LU +Voy
(27h) A™NZ,
Putting to the functional:
1 e_ﬂ(u N +Vext) A3N e_IB(U N +Vext)
Flpl=—|dr" — U, +V_ . +KkT In —
N! N7 Z, N7 Z,
1 N e_ﬂ(UN +Vext)

=—|dr

NT A7 (-KTInZ,)5-kTInZ,]




ldeal gas in the external field

ideal [10] = -‘.drNH'O|(\II") (Zvext(ri)+sz InA3 p|(\ll.l) + |nA3N N Ij

= [ dr, p(15) (Ve () +KT I A% (1) =KT In N +KT In N —kT )

= [ () (Ve (r) + KT (In A% p(r) 1) ) r

Explicit dependency on p(r)



Non-ideal case

F[IO] — |:ideal [IO] + |:int [/0]

o _ §2Fint[/0]
Det:.c™(p,r,1,) =-p op(r,)op(r,)

‘E[p] = [ PV +KT (INA°p ~1)) dr —KT [ p(1;) p(x, ) (x;, 1, )dr




Minimal principle

It can be proven, that the equilibrium density gives the minimal value of the
free energy:

FLpo] =min{F[p]: | p(r)dr = N}
Qp] = Flp]-pf p(r)dr
pstere: Ol o] = min{QL o]}

Xpll _,
5'0 Po

Which yields:




Barometric formula

XY p]
op

W) 1 ey 4 P0) _1) +[ p(r)e® (1, 1,)dr, — =0

Veel®) ] d"°( 5(r) 5(r)

£o

V... (r)+ KT In p(r) —kT j o(r,)c® (r,,r)dr, — =0

p(r) =™ exp(= NV, () + [ p(r)c? (1, r)dr;)




Solute in infinite dilution

Consider two systems:

Unif Solute is
e considered as the
external field

2, (r) = const p,(r) = const

\ (l‘) =0 Vext (l‘) = Usol (l‘)

(2§Xt Cl( ) (r,r,)
C,” (1, 1)

Assumption:

Co (r,1,) =7 (1, 1,)




HNC closure

Po = e’ exp(j /OoC(Z) (r,,r)dr,) ‘ p(r) = py +Ap(r)

Po + Ap(r) =™ exp(— Vo (1) + [ (195 + Ap(r) ) ¢ (1, 1)

=™ exp(| poC? (1, r)dry) exp(— AV, (r) + [ Ap(r)e? (r;, r)C

= 5 XP(=N o (1) + [ Ap (1) (1, r)dIr;)

22 exp(- o 1)+ [ Ap(5)0 (1, r) ) -1
Lo




HNC closure

22— exp(—U (1) + [ (1) (5, r)dr) -1
Lo

Ap(r) = ,Oohu (I‘O ,T) Iy - Position of the solute

j Ap(r,)c? (r,, r)dr, = p, j h' (r,,r, )c®? (rl,r)drlfz h (r,,r)—c (r,,r)
(From OZ)

hu (r) = exp(= N, (r) +h” (r) —c” (r)) —1‘




HNC free energy expression

U)=U, +AV,,

AF = _1[d/1<5%/(f)> = P, j j g(r)V., (r)dAdr

h” (r) +1=exp(=fAV,, (r) + h” (r) —c” (r))

U U U
h_ — exp(_ﬂﬂ'vext + hU - CU ) _ﬂvext + il o o
di o D o4 O

—
g=h+1

4 U U
gV, =KT|h ALSPT NG
oA oA




HNC free energy expression
gvext _kT[ g (hzj—hu oc” _80”}
oA\ 2 o4 oA

AF =p0”g(r)v (r)dAdr =
. ) oy 0 (2)
—kTpojdr(——C)—kTpOHh (1) - drd A




HNC free energy expression

Integration by parts
Hh“ —drd/i [drh“c” —_Uc” N 4rd (1)
OZ equation:
h (r,,r, A) =c” (r,,r, 1) +pojcu (r,,r,, A)h' (r,,r)dr,
NB: hV independent of A

) - U Y . U

hY %drdz (et 1) D grd 1+ o ([T ctr,e)n” 1) T drdr,d 4
o m U ) U Y ) U

c” 8h/1 drd A = (| c(r,,r) oc(r) drd A+ p, ||| c(r,,r)h" (r,,r) oc(ry) drdr,d A

Expressions are the same if we change r<->r2
Then, from (1):

”h”%drdi:%jdrhucu




HNC free energy expression
) a -V 1 U.u
([n ;Tdrdzzgjdrh c

h2

AF = kTpojdr(——cj kTpojjhU(z)gc (4)

drd A
oA

AF =KT p, dr(hzz(r) —o(r)— h(r)zc(r)j




HNC expression in RISM

RISM assumption:
a
KT p, > [ ¢, h(r,0)drdo

c(r,0)=) ¢, (r,)
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